Abstract. In this paper we prove the basic facts for pluricomplex Green functions on manifolds. The main goal is to establish properties of complex manifolds that make them analogous to relatively compact or hyperconvex domains in Stein manifolds.
Introduction
In this paper we discuss the pluricomplex Green functions on manifolds. The books of Klimek [21] and Jarnicki and Pflug [18] combined with the papers [12] of Demailly and [5] of B locki contain an excellent exposition of known results for relatively compact domains in Stein manifolds or hyperconvex relatively compact domains in Stein manifolds when attainable boundaries are present. The goal of this paper is to establish properties of complex manifolds that will allow us to expand these results to complex manifolds without visible boundaries.
Important basic features of relatively compact domains in Stein manifolds are:
(1) Carathéodory and Kobayashi hyperbolicity; (2) separation of points by bounded holomorphic functions; (3) existence of the Bergman metric; (4) existence of the pluricomplex Green functions with the strict logarithmic pole; (5) existence of continuous bounded strictly plurisubharmonic functions. In Section 3 we show that the existence of a continuous bounded strictly plurisubharmonic function on a complex manifold M allows us to preserve all these properties but Carathéodory hyperbolicity. This condition already appeared in the literature. Chen and Zhang showed in [11] that manifolds with this property possess the Bergman metric and Shcherbina and the author proved in [27] that their points can be separated by bounded continuous plurisubharmonic functions.
Important basic features of hyperconvex relatively compact domains in Stein manifolds are:
(1) continuity of the pluricomplex Green functions in both variables; (2) the pluricomplex Green functions are exhaustion functions; (3) completeness of the Bergman and Kobayashi metrics; (4) existence of a smooth strictly plurisubharmonic negative exhaustion function. Chen in [9] defined hyperconvex manifolds as manifolds with negative strictly plurisubharmonic exhaustion function. In Section 4 we relax this definition to M . The authors proved that any S-manifold is parabolic. The converse is unknown. An interesting problem is: if M is S-parabolic does it have an unbounded plurisubharmonic exhaustion function u such that (dd c u) m is an atom?
3.3. Non-empty cores: Let P SH cb (M ) be the space of bounded above continuous plurisubharmonic functions on M . The set c(M ) of all points w ∈ M , where every function of P SH cb (M ) fails to be smooth and strictly plurisubharmonic near w, is called the core of M . This notion was introduced by Harz-Shcherbina-Tomassini in [17] .
If the core is non-empty, then by [27, Theorem 4.8] it can be decomposed into the disjoint union of closed sets E j , j ∈ J, such that each of these sets has no isolated points and has the following Liouville property: every function φ ∈ P SH cb (M ) is constant on each of the sets E j . Thus any negative continuous plurisubharmonic function cannot have a strict logarithmic pole at any w ∈ c(M ). It is unknown what happens if the assumption of continuity is removed.
For
The close connection between the notions of a core and a strict logarithmic pole was demonstrated in the following theorem proved in [27, Theorem 3.2] . It follows from this theorem that the function g M (z, w) has a strict logarithmic pole at any w ∈ c(M ) and this allows us to give an example of a domain in C n , n ≥ 2, that has a strict logarithmic pole at some point but is not pluri-Greenian. Recall that if M is a domain in the complex plane and g M has a strict logarithmic pole at some point, then M is Greenian.
Example 3.2. Take a Fatou-Biberbach domain Ω in C 2 and a point w 0 ∈ ∂Ω. Let B be a ball centered at w 0 whose boundary contains a point w 1 in the complement of Ω in C 2 . Let Ω ′ = Ω ∪ B. We may assume that w 0 = (−1, 0) and w 1 = 0. Let ρ(z) = z − w 0 2 + Re z 1 − 1, where z = (z 1 , z 2 ). Let us take δ > 0 such that the set E = B ∩ {z : −δ < Re z 1 < 0} does not meet Ω. Define u(z) = max{ρ(z), −δ} on E and −δ on Ω ′ \ E. Note that ρ(z) < −δ on E = B ∩ {z : Re z 1 = −δ} and ρ(z) > −δ on some neighborhood U of 0 in B. Hence u is plurisubharmonic and any point z ∈ U does not belong to c(M ). So at any w ∈ U the function g Ω ′ (z, w) has a strict logarithmic pole but if w ∈ Ω, then g M (z, w) ≡ −∞.
However, it was shown in [13] that a strongly pseudoconvex domain in C m cannot contain a Fatou-Biberbach domains.
3.4.
Locally uniformly pluri-Greenian complex manifolds: We introduce locally uniformly pluri-Greenian complex manifolds M , where every point w 0 ∈ M has a coordinate neighborhood U with the following property: there is an open set W ⊂ U containing w 0 and a constant c such that g M (z, w) > log z − w + c on U whenever w ∈ W .
If M is a ball B(w 0 , r) in C m , then g M (z, w 0 ) = log( z − w 0 /r). Since g M is monotonic in M , it follows that if M is a bounded domain in C n , then g M (z, w) ≥ log( z − w /r), where r is the radius of circumscribed ball of M centered at w. Hence bounded domains in C n are locally uniformly pluri-Greenian.
4
The following example shows that pluri-Greenian pseudoconvex domains in C n need not to be locally uniformly pluri-Greenian.
Example 3.3. Take sequences {c j } ⊂ D and {r j ⊂ (0, 1)} such that |c j | strictly monotonically converge to 0 and the disks D j = D(c j , r j ), 0 < r j < |c j |, are mutually disjoint. Then we choose a sequence of numbers k j > 0 such that the function
on D has the following properties:
2 defined by the inequalities:
Let us show that D is pluri-Greenian. If w = (w 1 , w 2 ) ∈ D and w 1 = 0, then we take the mapping
) is plurisubharmonic on D, negative and has a strict logarithmic pole at (w 1 , w 2 ). Hence g D (z, w) has a strict logarithmic pole at w. Now let w 1 = 0. Then |w 2 | < e. Consider the plurisubharmonic function
This function has a logarithmic pole at w and
Since |w 2 | < e we have
where c is an absolute constant and z is sufficiently close to w. If v(z 1 ) < −2, then z 1 ∈ D j for some j and let G j be the connected component of the set {ζ ∈ D : v(ζ) < −2} containing z 1 . Consider the set
If j is sufficiently large, then |ξ| < e 2 and h(ζ, ξ) = log |ξ−w 2 | when |ξ−w 2 | > 2e 3 |ζ| and h(ζ, ξ) = log |ζ| otherwise.
Let us take the disk D(0, t j ) when t j > e 2 and the subharmonic function on D(0, t j ) equal to log |c j | when |ξ − w 2 | ≤ 2e 3 ||c j |, 0 on T(0, t j ) and harmonic when |ξ − w 2 | > 2e 3 |c j |. Suppose that |z 1 | ≥ |z 2 − w 2 |. The function log |z 1 − w 1 | − log 4 is plurisubharmonic and negative on D. Hence
For locally uniformly pluri-Greenian manifolds we can prove an important result that was proved in [12] for relatively compact domains in Stein manifolds. 
Proof. Let U be a coordinate neighborhood of w 0 from the definition of locally uniformly pluri-Greenian manifolds. We may assume that U ⊂ X. By this definition
, where c 1 = log(3r/4). If t ∈ (0, r/4), z − w 0 = t and w − w 0 < t/2, then t/2 < z − w < 3t/2 and log t + c − log 2 ≤ g M (z, w) ≤ log t + c 1 + log 2 on ∂B(w 0 , t). Hence for any ε ∈ (0, 1)
Our lemma follows with Y = B(w 0 , t 0 /2) by the maximality of g M .
As immediate corollary we get 
3.5.
Complex manifolds with bounded strictly plurisubharmonic function: For transition from continuous strictly plurisubharmonic functions to smooth strictly plurisubharmonic functions we will need the following result of Richberg in [29] . 
The following theorem claims that for a complex manifold to be pluri-Greenian is almost equivalent to the possession of a continuous bounded strictly plurisubharmonic function. Proof. If there is a bounded continuous strictly plurisubharmonic function u on M , then by Theorem 3.6 there is a smooth bounded strictly plurisubharmonic function u on M . Hence c(M ) = ∅ and by Theorem 3.1 g M has a strictly logarithmic pole at all points and, therefore, M is pluri-Greenian.
If for any w ∈ M there is a negative continuous plurisubharmonic function v on M with a strict logarithmic pole at w, then by Theorem 3.1 the core c(M ) is empty 6 and again for any w ∈ M there is a continuous bounded plurisubharmonic function on M that is strictly plurisubharmonic near w.
Let us cover M by countable family of open sets U j such that for each j there is a continuous bounded plurisubharmonic function u j on M that is strictly plurisubharmonic on U j . Let α j be the sup-norm of u j on M and u = j 2 −j α −1 j u j . Then u is a bounded strictly plurisubharmonic function on M .
By the following theorem manifolds with a bounded continuous strictly plurisubharmonic function are locally uniformly pluri-Greenian. Its proof is a minor elaboration on the proof of Theorem 3.2 in [27] . Proof. By Theorem 3.6 the existence of bounded continuous strictly plurisubharmonic function on M implies the existence of smooth bounded strictly plurisubharmonic function u on M . We may assume that u < 0 on M .
Let w 0 ∈ M . By Lemma 3.1 in [27] in some coordinate neighborhood V of w 0 there is a ball B of radius r centered at w 0 and a pluriharmonic function h on V such that u − h > 0 near ∂B and a = u(w 0 ) − h(w 0 ) < 0. There is another ball
By continuity in both variables of the pluricomplex Green function on a ball there is a ball W ⊂⊂ U such that
3.6. Connections to invariant distances: The pluri-Greeenian manifolds are Kobayashi hyperbolic, i. e.,
The converse fails as the example of C \ {0, 1} shows.
Chen and Zhang proved in [11] that a manifold with bounded continuous strictly plurisubharmonic functions possesses the Bergman metric, i. e. such manifolds are Bergman hyperbolic.
As the following example shows they need not to be Carathéodory hyperbolic, i. e., c M (z, w) > −∞ for all z = w ∈ M , although the class of these manifolds contains all relatively compact domains in Stein manifolds. On such domains the Carathéodory function has a strict logarithmic pole at all points.
Example 3.9. Let K be a regular compact set in C such that the Hausdorff measure In [30] Royden introduced the infinitesimal Kobayashi metric that we will use in the form of the Royden function
and if M is locally uniformly pluri-Greenian, then σ i H (w) ≥ c on a neighborhood of any w 0 ∈ M for some constant c depending on w 0 .
If f ∈ A r (M ), f (0) = w and f
where
is a well-defined function on CP n−1 and can be considered as the directional logarithmic capacity of M with respect to the metric H.
On the other hand A M (w, v) − log v H ≥ σ i H (w) and we see that
, we obtain the following result. and the equality holds only if M is the unit disk with a polar set removed. The inequality in Suita's conjecture was proved by B locki in [6] for bounded domains in C and for general Riemann surfaces by Guan and Zhou in [14] . In [15] Guan and Zhou proved the equality part of the conjecture. In 3.7. Summary: As we saw in this section complex manifold with a continuous bounded strictly plurisubharmonic function preserve all properties of relatively compact domains in Stein manifolds, listed in the introduction, except Carathéodory hyperbolicity. Boundedness is important: C n has no such function and is not pluriGreenian.
We also would like to indicate that every continuous plurisubharmonic function u on a manifold M with a continuous bounded strictly plurisubharmonic function v can be uniformly approximated by smooth strictly plurisubharmonic functions. Indeed, we may assume that 1 ≤ v ≤ 2 and approximate u by functions u j = u + 2 −j v and then by Theorem 3.6 approximate each of u j by smooth strictly plurisubharmonic functions.
Pluricomplex Green functions on hyperconvex manifolds
The pluricomplex Green functions g M (z, w) need not to be equal to 0 on the boundaries of bounded domain, for example, when domains are not pseudoconvex and, as the following example shows, they need not to be continuous in z even on bounded pseudoconvex domains M in C n .
Example 4.1. Take numbers c j > 0, converging to 0, and k j > 0 such that
on the ball { z < 8}, k j log c j = − log 2 and k j = 1. Let u(z) = (log z + v(z))/2 and let M = {z ∈ C 2 : z < 8, u(z) < 0}. Since g M (z, 0) ≥ u(z), we see that g M ((1/2, 0), 0) ≥ − log 2 3/2 . On the other hand the points z j = (1/2, c j /2) lie on the intersections of the lines z 2 = c j z 1 with M that are disks of radius 8 centered at 0 and converge to (1/2, 0). Thus
and we see that lim inf depends on the choice of f .
For bounded domains both properties of g M (z, w) mentioned above are guaranteed by hyperconvexity. A bounded domain M is called hyperconvex if there is a negative plurisubharmonic function u on M such that for any r < 0 the set B u,r = {z ∈ M : u(z) < r} is relatively compact in M . We will call u the negative exhaustion function. It was proved by Kerzman and Rosay in [19] that on hyperconvex domains in C n there are smooth strictly plurisubharmonic negative exhaustion functions. In [12, Theorem 4.3] Demailly have shown that the pluricomplex Green function g M (z, w) on a relatively compact hyperconvex domain in a Stein manifold is continuous on M × M .
In [9] Chen defined hyperconvex manifolds as manifolds with smooth negative strictly plurisubharmonic exhaustion function and proved that the Bergman metric is complete on such manifolds. We relax this definition a bit but show later that our definition is equivalent to Chen's definition.
We say that a complex manifold M is hyperconvex if it has a negative plurisubharmonic exhaustion function and a bounded continuous strictly plurisubharmonic function. The need for the second function can be explained by the following example from [27] .
Example 4.2. Take the unit ball B in C 2 and blow-up a complex projective line X at the origin. We get a complex manifold M and a holomorphic mapping F of M onto B such that F (X) = {0}. If u is a plurisubharmonic function on B, then the function v = u • F is plurisubharmonic on M while any plurisubharmonic function on M is constant on X. Hence M has a negative exhaustion function but for any w ∈ X the function g M (z, w) ≡ −∞ on X. Now we will show that on hyperconvex manifolds the pluricomplex Green functions have the properties listed at the beginning of this section. Remark: Item (4) implies that our definition is equivalent to Chen's definition of hyperconvex manifolds in [9] .
Proof. (1) follows immediately from Theorem 3.8 and this implies that for any w ∈ M the function g M (z, w) is locally bounded on M \{w} and, by its maximality, the sets M a = {z ∈ M : g M (z, w) < a} are connected for any a < 0.
To show (2) we will follow the proof of Theorem 4.3 in [12] . Let u be a negative plurisubharmonic exhaustion function on M . Let us take a coordinate neighborhood U of w ∈ M . Since M is pluri-Greenian, there is an open ball B of radius r centered at w such that g M (z, w) > log r + c on ∂B. Let α be the maximum of u on ∂B. Clearly α < 0 and there is a constant b > 0 such that bu < g M (z, w) on ∂B. Hence g M (z, w) ≥ bu(z) on M \ B by the maximality of g M and (2) is proved.
Let {(z j , w j )} be a sequence converging to
So we may assume that z 0 = w 0 and {(z j , w j )} ⊂ M 1 . By Lemma 3.4 there is a sequence of ε j > 0 converging to 0 such that
Therefore to prove that the sequence {g M (z j , w j )} converges to g M (z 0 , w 0 ) it suffices to prove that the sequence {g M (z j , w 0 )} converges to
To prove that lim inf j→∞ g M (z j , w 0 ) ≥ g M (z 0 , w 0 ) we cannot follow [12] because that proof uses the result of Walsh in [33] that requires an attainable boundary and it is missing in the case of manifolds. We will use the definition of the pluricomplex Green functions via analytic disks.
Let us take a sequence {ε j } of negative real numbers strictly increasing to 0 and let
On the other hand, let us take any α > 0. Since all manifolds above are pluri-Greenian, for each j there is a neighborhood By a theorem of Narasimhan (see [25] and [1] ) a manifold with a plurisubharmonic exhaustion function and a strictly plurisubharmonic function is Stein. Hence M is Stein and there is an imbedding F of M into C N . By [16, Theorem 8.C.8] there are an open neighborhood U j of F (M j ) in C N and a holomorphic retraction
and the transformations A k converge to the identity mapping uniformly on compacta in C N . Let us choose some ε > 0 and find an analytic disk f jk :
Since the functions g Mj (z, w 0 ) converge to g M (z, w 0 ) uniformly on compacta in M \ {w 0 }, for any δ > 0 there is j such that g Mj (z k , w 0 ) < g M (z k , w 0 ) + δ for all k. Thus
Taking into account that ε > 0 and δ > 0 are arbitrary we see that (3) is proved.
Let u be a bounded continuous strictly plurisubharmonic function on M . We may assume that −1 ≤ u < 0 on M . Take a point w 0 ∈ M and define u j (z) = max{jg M (z, w 0 ), u(z)}. The function v(z) = ∞ j=1 2 −j u j (z) is a continuous strictly plurisubharmonic exhaustion function on M . In Theorem 3.6 we take the function λ = −v/2 and find a smooth strictly plurisubharmonic function v on M such that v ≤ u ≤ v/2. Hence u is smooth strictly plurisubharmonic exhaustion function on M and this proves (4).
Connections to invariant distances:
As Example 3.9 shows hyperconvex manifolds need not to be Carathéodory hyperbolic because a domain in C with the regular non-polar complement is hyperconvex. However, hyperconvex manifolds are not only Kobayashi hyperbolic but also Kobayashi complete because k M (z, w) ≥ g M (z, w) and all Kobayashi balls compactly belong to M . In [9] Chen proved that hyperconvex manifolds are Bergman complete.
Arguing as in the proof of the continuity of the pluricomplex Green functions, one can show that the Kobayashi and Royden functions are continuous on M × M and T M respectively. Note that if f ∈ A r (M ) then g M (f (ζ), f (0)) ≤ log(|ζ|/r). From this it is straightforward to prove that the Kobayashi and Royden variational problems attain their extrema.
Summary:
As we saw in this section hyperconvex complex manifold preserve all basic properties of hyperconvex relatively compact domains in Stein manifolds, listed in the introduction.
Pluripotential compactification
The results of this section were proved in [28] . If V is a positive continuous volume form on a complex manifold M , then L 1 (M, V ) is the space of all Lebesgue functions u on M such that
A positive continuous volume form V on M is norming if for each compact set F ⊂⊂ M there is a positive constant C(F ) and for every increasing sequence of open sets M j ⊂⊂ M with ∪M j = M there is a sequence of numbers ε j > 0 converging to zero such that for every negative plurisubharmonic function u on M :
(
Theorem 5.1. Every connected complex manifold M has a norming volume form.
The first important feature of the norming volume form is the inclusion of the cone P SH − (M ) of all negative plurisubharmonic functions on M into the Banach space L 1 (M, V ). Moreover, the following is true:
(1) Norming volume forms determine the equivalent norms on the cone of negative plurisubharmonic functions. 
In particular, all pluripotential compactifications are homeomorphic to each other and we will denote them by M . An immediate consequence of this lemma is On a complex manifold M this normalization does not work because pluricomplex Green functions g M (z, w) are only maximal, i. e., (dd c z g M (z, w)) n = 0 outside of w. There are no Harnack's inequalities and the existence of a subsequence converging in L 1 loc is not guaranteed. To use Martin's normalization in a more or less general case we need to know that there is a compact set K ⊂ D of positive Vmeasure such that g M (z 1 , w)/g M (z 2 , w) stays bounded for z 1 , z 2 ∈ K as w → ∂ P M . But according to Problem 3 in [5] the answer to the question: if M is bounded and hyperconvex, is it true that g M (z, w) → 0 locally uniformly in M as w → ∂M ? is unknown even for domains in C n . We computed the pluripotential compactification for a ball, smooth strongly convex domains and a bidisk. In all these examples we could use g V to obtain the same compactification. In all cases the limits of g M (z, , w j ) as Φ V (w j ) → ∂ P M are maximal and are scalar multiples of the pluriharmonic Poisson kernels computed in [12] and [8] . In the two first cases the pluripotential boundary coincides with the Euclidean boundary while in the case of a bidisk it is the product of a circle and a 2-sphere.
In [12, Chapter 5] Demailly had proved the following Lelong-Jensen formula. The measure µ w supported by ∂M are the weak- * limit of measures µ gM (z,w),r (see [12] for details) and it was proved there that such limits exist. It would be interesting to know whether this formula can be expanded to some compactifications of complex manifolds.
